Abstract: We present a systematic procedure for designing "flat bands" of photonic crystal waveguides for slow light propagation. The procedure aims to maximize the group index -bandwidth product by changing the position of the first two rows of holes of W1 line defect photonic crystal waveguides. A nearly constant group index -bandwidth product is achieved for group indices of 30-90 and as an example, we experimentally demonstrate flat band slow light with nearly constant group indices of 32.5, 44 and 49 over 14 nm, 11 nm and 9.5 nm bandwidth around 1550 nm, respectively.
Introduction
Slow light in photonic crystal (PhC) waveguides can be exploited for a broad range of applications, such as optical delay lines or buffers [1] and enhanced light-matter interaction, both in the linear and nonlinear [2] [3] [4] [5] regime. Two of the key concerns are propagation loss and dispersion, as any benefit arising from slow light may be compromised by excessive loss or pulse broadening [2, 3, 6, 7] . This paper focuses on reducing the unwanted dispersion by engineering the dispersion curve with the aim of achieving a constant group index over a broad wavelength range, which we refer to as "flat band slow light".
Previously, flat band slow light has been achieved by chirping the waveguide properties [8] , by changing the waveguide width [9] [10] [11] , or by changing the hole size of the first two rows of the W1 PhC waveguides [12, 13] . Some of these methods lead to multimode operation, others are difficult to control. Here, we study the properties of a PhC waveguide as a function of the position of the first two rows of holes adjacent to the line defect. Using this approach, we show that a continuous range of group indices from 30 to more 90 can be obtained that exhibits the desired flat band behavior and the same group index -bandwidth product. By plotting a map of group index -bandwidth product against the design parameters, we obtain a systematic picture of the relevant waveguide properties. To demonstrate the method, we fabricated W1 type waveguides that exhibit nearly constant group indices of 32.5, 44 and 49 over 14 nm, 11 nm and 9.5 nm bandwidth, respectively. Fig. 1 . Geometry of the modified W1 PhC waveguides: the first and second rows of holes are displaced symmetrically about the waveguide axis. The displacements relative to the unmodified lattice (red lines) are given by s1 and s2, where shifts toward the waveguide centre are defined to be positive. Here, s1 < 0 and s2 > 0, as used throughout this paper.
Design
Line defect PhC waveguides support modes that can be categorized as either index guided or gap guided [14] , or a combination of both. As explained in Refs. [9] and [14] , an anticrossing between these two types of modes determines the local shape of the waveguide mode dispersion curves, the slope of which determines the group velocity of the mode. Frandsen et al. [12] showed that changing the hole size of the first two rows of holes adjacent to the line defect waveguide can change the intrinsic interaction of the index guided and gap guided modes. Controlling this interaction can be used to modify the dispersion curve and thus to obtain a flat band slow light region. It is difficult however, to control the hole size of a photonic lattice accurately and reproducibly. Instead, we change here the position of the first two rows of holes in order to modify the dispersion curve -an approach that is technologically preferred to controlling variations in hole size. Figure 1 illustrates the displacement of the inner rows of holes that is used to modify the dispersion. Parameters s1 and s2 describe the deviation of each row from the ideal lattice.
To enable a comparison between waveguides, we define the figure of merit as the group index -bandwidth product, n g (∆ω/ω), which is proportional to the delay-bandwidth product per unit length. This value is then mapped as a function of parameters s1 and s2 as shown in Fig. 2 . The group index n g is considered as constant within a ±10% range, which is similar to previous work [10, 12] . In the calculation, the lattice constant was a = 414 nm, the normalised hole size r/a = 0.286, the thickness of the Si layer h = 220 nm and we considered TE polarisation. In Fig. 2(a) , we used a two-dimensional (2D) version of the plane-wave expansion method [15] with an effective index of 2.87. The parameter scan was performed in steps of s1/a = 0.01 (s1 = 4.14 nm) and s2/a = 0.01 (s2 = 4.14 nm). For a more precise estimation, a three-dimensional (3D) calculation was used in the most promising range of s1 and s2 which is shown in Fig. 2 (b) with steps of s1/a = 0.0025 (s1 = 1.04 nm) and s2/a = 0.005 (s2 = 2.07 nm). The result of 2D and 3D calculation is in good agreement, except that the group index and bandwidth are larger and narrower, respectively, for the 3D calculation. Different regimes of slow light operation can be recognized in the map. In Fig. 2 , the red region indicates high n g (∆ω/ω) values. The figure allows us to trace a flat band slow light region with an almost constant n g (∆ω/ω) value of approximately 0.3 but where the group index varies between n g = 30 and n g = 90. For comparison, n g (∆ω/ω) ≈ 0.01 for an unmodified W1 waveguide. When the group index is relatively low, the slow light mode is well confined within the first row of holes of the waveguide. Hence moderately slow light (up to n g = 35) can be achieved without changing s2. When the light becomes slower, however, the mode penetrates deeper into the cladding and s2 becomes significant. Therefore, achieving higher n g values requires both s1 and s2 to be varied. In the experimental realization, we changed s1 and s2 in 2 nm steps, which corresponds to changing s1/a or s2/a by approximately 0.005. These tolerances limit the flat band slow light regime with the same n g (∆ω/ω) value to a group index of around n g = 50, i.e. higher group indices (up to 200) would require control of s1, s2 on a smaller scale. Figure 3 illustrates three operating points taken from Fig. 2(b) to highlight the evolution of the dispersion curves and group indices with increasing group index, i.e. n g =32, 50 and 93. The fundamental mode of an unmodified W1 PhC waveguide is shown for comparison. Note that the optimized group index curves in Fig. 3(b) have local minima and maxima where the group velocity dispersion (GVD) is zero, while the third order dispersion (TOD) passes through zero between these points. Alternative designs with simultaneous zero GVD and TOD can also be chosen from Fig. 2 with a slight bandwidth penalty. There are some advantages of shifting rows of holes compared to changing the hole size [11] . First, variations in the hole position are easier to control technologically. Second, higher group indices (up to 200) can be achieved for a given group index -bandwidth product, especially if s1, s2 can be controlled more accurately than the 2 nm precision used here. In contrast, calculations show that it is difficult to achieve group indices higher than 100 by changing the hole size alone. Third, the maximum n g (∆ω/ω) in previous work [8, 12, 13] tended to decrease when the group index is increased, whereas we demonstrate that it is possible to change the group indices continuously while maintaining an almost constant maximum n g (∆ω/ω) by changing the hole positions according to Fig. 2. 
Fabrication and experiment
The devices were fabricated on a SOITEC Silicon on Insulator wafer comprising a 220 nm thick Silicon layer on 2μm of silica. The pattern was exposed in ZEP520A electron beam resist using a hybrid ZEISS GEMINI 1530/RAITH ELPHY electron beam writer at 30keVwith a pixel size of 2 nm and a writing field of 100 μ m. The resist was developed using xylene with ultrasonic agitation [16] . Pattern transfer was carried out using Reactive Ion Etching with CHF3 and SF6 gases. The silica beneath the photonic crystal was removed using Hydrofluoric acid (the rest of the pattern was protected with photoresist)
The fabrication of these devices was carried out in the framework of the ePIXnet Nanostructuring Platform for Photonic Integration [17] and was very similar to that used in [18] . A propagation loss of 12 db/cm was measured for benchmark W1 waveguides. To enhance coupling into the slow light regime, an intermediate region consisting of ten periods of photonic crystal waveguide with a lattice constant of 444 nm was added at either end of the device, following the principles discussed in [19] .
A typical SEM picture of our PhC waveguide design is shown in Fig. 4 . 80 μ m long Si membrane W1 type PhC waveguides were made with a lattice constant a = 414 nm and hole diameter d = 236 nm (r/a = 0.286). Figure 2 shows that for any value of s2, we can find an s1 value to maximise n g (∆ω/ω). A range of group indices can be accessed in this way by choosing appropriate s2 values. Hence, to demonstrate our design, we fabricated and characterized three sets of PhC waveguides with s2= 0 nm, 12 nm and 16 nm, and s1 values spanning the optimized region of Fig. 2 Figure 5 shows the experimental transmission spectra and the experimental and calculated group indices for each value of s2 and the corresponding s1 that gave a maximum n g (∆ω/ω). The transmission was measured with a tuneable laser and the group indices were evaluated experimentally via Fourier transform spectral interferometry [20] using the same laser. The theoretical group index curves are calculated numerically via a 3D band structure calculation using the designed parameters [15] . The curves are red-shifted approximately 1.5% in wavelength to match the experiment results.
The change in group index with increasing s2 is clearly illustrated in Fig. 5 . The group indices are measured to be n g = 32.5 (14 nm bandwidth), n g = 44 (11.0 nm bandwidth) and n g = 49 (9.5 nm bandwidth) resulting in a nearly constant group index -bandwidth product, which compares favourably with previous work [9] [10] [11] [12] [13] . The corresponding group velocity dispersion (calculated from the 3D simulation data) is one order of magnitude smaller than a W1 PhC waveguide at the same group index. Note also that the transmission spectra in Fig.  5(a) and (b) show no significant drop as the group index increases into the engineered slow light region, while in Fig. 5(c) the transmission decreases by only a factor of two for an almost ten-fold increase in group index. While additional measurements are required to quantify the propagation loss in the slow light region, these observations are consistent with our previous results for W1 waveguides [21] that show a much weaker dependence of losses on group velocity than initially assumed [6] .
Conclusion
A systematic design for flat band slow light operation in PhC waveguides was carried out numerically; changing the position of the first two rows adjacent to the line defect waveguide gives access to a range of group indices, typically between n g = 30 and 90, for an almost constant group index -bandwidth product. This approach has the technological advantage of holding the hole size constant across the device-it is generally observed during etching that features such as sidewall angle can vary with hole size (strongly so in our particular case). This effect may be small but is an important factor in minimizing propagation loss in slow light PhCs. Changing hole position may also be implemented with better control than changing the hole size, which is the method previously employed by others. Our method is experimentally demonstrated by three flat band slow light structures. These structures have a nearly constant group index -bandwidth product with group indices of 32.5, 44 and 49 over 14 nm, 11 nm and 9.5 nm bandwidth. Our new design approach shows the powerful possibilities of using PhC waveguides in the slow light regime for practical applications especially in the enhancement of linear and nonlinear effects.
